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Recent picosecond and subpicosecond laser spectroscopy experiments have revealed several chemically and biologically important 
reactions in solution in which the reaction potential surface does not present a barrier to the motion along the reaction coordinate. 
The dynamics of these reactions display diverse and interesting behavior. They include the dependence of relaxation rate 
on the solvent viscosity, the solvent polarity, the temperature, and the wavelength of the exciting light. In this article we 
review the recent developments in the theoretical description of activationless processes in solution and compare them with 
the available experimental results. 

I .  Introduction 
The traditional picture of a chemical reaction is that of a 

passage of the reactants over a high activation barrier to form 
the products. This picture of an elementary chemical reaction 
has played a key role in our understanding of many physical, 
chemical, and biological processes.’s2 However, it has become 
increasingly clear in recent years that there are many chemically 
and biologically important chemical reactions that proceed without 
the intervention of a high activation barrier along the coordinate 
leading to the formation of the products. These barrierless 
chemical reactions also show rich and diverse dynamical behavior, 
although a quantitative study of many such reactions has begun 
only recently. In this article, we review recent advances in our 
understanding of barrierless reactions, with emphasis on photo- 
chemical reactions in solution for which detailed experimental 
information is becoming available. 

Since barrierless chemical reactions are usually very fast (with 
time constants often in the picosecond range), detailed study of 
these processes required the development of ultrafast laser 
spectroscopy. As a result, it is now possible to make reliable tests 
of the theoretical models and understand the details of the dy- 
namics of these reactions. Over the last few years it has become 
clear that there exist a rather large number of organic dye 
molecules whose photophysics in solution follow barrierless dy- 
namics.2-26 Barrierless reactions are not limited only to electronic 
relaxation of dye molecules. Recent e ~ p e r i m e n t a l ~ ’ - ~ ~  and the- 
o r e t i ~ a l ~ ~ ” ~  studies of electron transfer reactions have indicated 
that many intramolecular electron transfer reactions occur through 
activationless processes and are similar in many respects to the 
better known barrierless photochemical reactions. Barrierless 
reactions also seem to be common in biological processes. Re- 
cently, Agmon and Hopfield36 have modeled the rebinding dy- 
namics of CO to heme in myoglobin as a barrierless process. The 
isomerization reaction triggering the vision process and driving 
the energy storing proton pump in Halobacterium halobrium may 
occur on a barrierless potential ~ u r f a c e . ~ ’ , ~ ~  

Diffusion controlled bimolecular reactions in solution, such as 
the quenching of a fluorophore by a scavenger, are also important 
chemical reactions where an activation barrier does not play an 
important role. This is currently an active area of research and 
we refer to recent  review^^^^^^ for further details on this subject. 

In the early studies of barrierless reactions, attention was fo- 
cused on diabatic radiationless reactions between two potential 
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surfaces formed by a weak avoided c r o ~ s i n g . ~ l - ~ ~  The rate of 
reaction in such cases was usually expressed in terms of the 
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approach to the crossing point. The importance of the LZ 
mechanism in such cases has been discussed elegantly by Frau- 
enfelder and W o l y n e ~ . ~ ~  

In  this article we are interested in the barrierless reactions of 
the type depicted in Figure la. In such cases, the leakage from 
the upper surface to the lower surface will occur mainly by the 
usual vibronic mechanism. The probability for changing surfaces 
will be given approximately by an energy gap law of the form48 

P = exp[-yAE] ( 2 )  
Thus, in order to have a high rate of radiationless transition, the 
energy gap between the surfaces must be small. The major thrust 
of the present review is on the processes that are described by eq 
2, rather than by eq 1, although there are certain features that 
are common to both and can be treated similarly. We shall also 
consider reactions with very small internal barriers (E,,, 5 kBT).  
Such a situation is described in Figure lb. 

In general the dynamics of a barrierless reaction differ con- 
siderably from those in the presence of a high activation barrier. 
In the absence of a high barrier separating the reactant from the 
product, there is no separation of time scales between the motion 
in the reactive region and in the rest of the potential surface. 
Therefore, the usual definition of a time-independent rate constant 
as the steady-state flux across the reactive region may no longer 
be valid. In  fact, a steady state may not be achieved within the 
lifetime of the excited species. Theoretically, this implies that 
the lowest nonzero eigenvalue of the kinetic equation describing 
the reaction may not alone be sufficient to describe the dynamics 
because the eigenvalue spectrum may be dense. In such a situ- 
ation, as we discuss below, the usual relationship between the 
fluorescence quantum yield and the long time nonradiative decay 
constant is no longer valid. Another important feature of bar- 
rierless reactions is that the relaxation of the excited state may 
depend critically on the initial conditions. In other words, the 
relaxation may depend on the wavelength of the exciting light, 
if  the motion along the reaction coordinate is Franck-Condon 
active. 

The earliest theoretical study of barrierless reactions is that 
of Oster and N i ~ h i j i m a . ~  The aim of this work was to explain 
the observed viscosity dependence in the nonradiative decay of 
triphenylmethane (TPM) dyes. These authors suggested that the 
nonradiative decay of the excited state occurs only from certain 
critical conformations of the phenyl rings and that the phenyl rings 
must diffuse a certain distance from their initial configuration 
to reach this conformation. In the original theory, the measured 
quantum yield was related to the excited-state dynamics using 
the Stokes-Einstein relation between mean-squared angular 
displacement and ~iscosity.~ The detailed form of the excited-state 
survival probability was obtained only recently by several au- 
t h o r ~ . ~ ~ ~ * ~ ~  

Perhaps the best known model of a barrierless reaction is that 
due to Forster and H ~ f f m a n n . ~  These authors studied the survival 
probability of an initially prepared excited state by modeling the 
reactive motion as the motion of a Brownian particle on a harmonic 
surface. The nonradiative decay takes place from a position- 
dependent sink located near the origin of the harmonic surface. 
However, Forster and Hoffmann assume that the rate of nonra- 
diative decay from the sink is a quadratic function of the distance 
from the position where the rate is maximum. If the sink is located 
at the minimum of the excited-state surface, then the model 
assumes that the nonradiative rate increases even when the energy 
gap between the two surfaces increases. This is clearly unrealistic. 
Another major limitation of the treatment of Forster and Hoff- 
mann is that it neglects the diffusive spreading of an initially 
localized state on the excited state potential surface. In their 
model, the system follows only an average pathway, rather than 
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Figure 1. Schematic illustration of potential energy surfaces in which 
the nonradiative relaxation occurs from (a)  a symmetric sink with zero 
barrier and (b)  a displaced sink with a small internal barrier. 

L a ~ ~ d a u - Z e n e r ~ ~  probability of a jump from one surface to the 
other in  the crossing region. The Landau-Zener transition 
probability for the system to undergo a “surface jump” on a single 
passage through the crossing region is given by 

where AE is the energy gap at the crossing point, F, and F2 are 
the slopes of the diabatic potential surfaces at the crossing point, 
and L; is the instantaneous velocity at the time of crossing. Many 
organic photochemical reactions are interpreted by use of eq 1 .4143 

In  a condensed phase, the velocity of approach to the crossing 
region will be rather small. Therefore, the probability of a 
photochemical reaction proceeding via the Landau-Zener 
mechanism is small for barrierless reactions of the type described 
in Figure la.45 Note that the situation is completely reversed 
if  the crossing of the zero-order surfaces occurs at a point that 
has a large activation barrier for the reactant (as in  the case of 
planar SI - twisted SI of trans-stilbene).6 In the latter case, the 
Landau-Zener surface jump is favored by a small velocity of 
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on the wavelength of the exciting light. 
Recent experimental studies of Ben-Amotz and HarrisZ1qZ4 and 

Sundstrom and Gillbro” have also indicated that the existing 
one-dimensional models of barrierless reactions may be inadequate 
to explain the observed rich behavior. This statement also holds 
true for activationless electron transfer reactions where the re- 
action, in addition to being coupled to solvent polarization, may 
also be coupled to an intramolecular degree of f r e e d ~ m . ~ ~ , ~ ~  In 
the case of photoisomerization reactions, the existence of other 
degrees of freedom5’ may play an important role by making a 
larger volume of configuration space available to the solute particle. 
Thus, the approach of the solute particle to the sink region may 
be delayed. When the reactive motion is a large amplitude motion 
around a certain body fixed axis, examples of internal degrees 
of freedom that it may be coupled to are librations and rotations 
about the same axis. In this article, we shall present some pre- 
liminary results of two-dimensional barrierless reactions-details 
will be published elsewhere. 

The plan of the rest of the article is as follows. Section I1 
outlines the basic theoretical approach. Section 111 discusses the 
definition of the various rate constants and yields that can be used 
to characterize barrierless processes. Section IV discusses the 
simplest set of models in which reaction is certain once a critical 
value of the reaction coordinate is reached. These models, while 
oversimplified, are solvable analytically and give insight into the 
more complex models described in section V. Section V deals with 
models in which the sink has a finite width and the decay rate 
has a finite value. Section VI draws together results from both 
sections IV and V to illustrate the main features of barrierless 
reactions. Section VI1 extends the discussion to reactions with 
very small barriers and section VI11 discusses electron transfer 
reactions in the context of barrierless processes. In section IX 
preliminary results for two-dimensional models are described. 
Section X discusses the low viscosity or inertial regime of bar- 
rierless reactions and section XI presents our concluding remarks. 

11. Theoretical Description 
The theoretical description proposed by Bagchi et aLso is based 

on the following equation of motion for the excited-state probability 
distribution function P(x,t) 

11 

a distribution of paths which would be present in an experimental 
situation. Their model gives a prediction for the viscosity (7) 
dependence of the fluorescence quantum yield (qf Q v2I3) .  This 
dependence on viscosity received experimental support in the older 
l i t e r a t ~ r e ~ . ~ . ’ ~  but has been disputed r e ~ e n t l y . ~ ~ * ~ ~  The Forster- 
Hoffmann theory predicts a functional form of the fluorescence 
decay (exp(-at3)) that has not been observed experimentally. 
Among the other theoretical studies, we should mention the work 
of CremersI3 who carried out an extensive study of the viscosity 
dependence of electronic relaxation of TPM dyes. 

More recently, a detailed theory of barrierless reactions has 
been presented by Bagchi, Fleming, and Oxtoby (BFO).$O The 
predictions of this theory and their comparison with available 
experimental results are the central theme of this review. The 
BFO model has certain features common with the earlier theory 
of Forster and Hoffmann, except that the unrealistic assumptions 
of the latter are removed and the theory was made more general. 
In the theory of Bagchi et al.,% the reactive motion on the excited 
state potential surface is modeled by the damped motion of a 
Brownian particle on a harmonic surface. The decay of the 
excited-state population density occurs through a coordinate- 
dependent sink, which models the nonradiative decay, and a co- 
ordinate-independent sink, which models the radiative decay. The 
rational for using a coordinate-independent radiative decay is that 
the nonradiative sink is rather localized along the reaction co- 
ordinate and varies strongly over a small region. The radiative 
decay, which depends on the overall shape of the multidimensional 
excited state potential surface, may vary weakly along the reaction 
coordinate. The strong viscosity dependence of the nonradiative 
decay rate supports this assumption. 

Barrierless reactions have been studied experimentally over a 
long period. The experimental studies have addressed the viscosity, 
temperature, and wavelength dependence of the relaxation. The 
analysis of these results illuminates the range of applicability of 
one-dimensional models and in some cases points to the need for 
more sophisticated models. Time-resolved spectroscopic techniques 
have been used to study the temporal decay profile of the initially 
formed excited state.2 It is usually found that the decay profile 
is strongly dependent on solvent viscosity. For example, Ippen 
et aL5 found that malachite green exhibits single exponential decay 
in solvents with viscosity less than 1 P, whereas, for solvents with 
higher viscosity, nonexponential decay is observed. Similar 
conclusions have also been reached by Cremers and Windsor.12 
Picosecond absorption experiments by Akesson et a1.22 on the 
barrierless photoisomerization of the dyes pinacyanol, 1,l’-di- 
ethyL4,4’-cyanine, and trans-stilbene in n-alcohols indicate single 
exponential decay over the range of viscosity studied in these 
experiments. However, the time resolution achieved in these 
experiments may not be sufficient to detect an initial nonexpo- 
nential decay. Recently, Ben-Amotz and have reported 
a detailed study of excited absorption decays of crystal violet in 
various solvents. These authors observed a pronounced nonex- 
ponential behavior at early times ( t  5 10 ps), in agreement with 
theoretical  prediction^.^^ 

Many barrierless reactions are found to have a negative tem- 
perature dependence of the rate coefficient a t  small viscosity.22-26 
There appears to be a crossover to the usual positive temperature 
coefficient as the viscosity of the solvent is increased.22-26 Ex- 
citation and probe wavelength dependence of the excited-state 
decay have also been studied. In the case of pinacyanol, Akesson 
et al.22a reported a significant dependence of the decay rate on 
the wavelength of the exciting light. These investigations were 
done by varying the excitation and the probe wavelength si- 
multaneously. Later studies from the same laboratoryZZb have 
shown that the decay is independent of excitation wavelength but 
depends significantly on the wavelength of the probe light. Similar 
conclusions were also reached by Ben-Amotz and HarrisZSa who 
observed a dependence of the decay of electronically excited crystal 
violet on the wavelength of the probe but found no dependence 
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7375. 
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a m t )  

at 
with the following notation: x is the one-dimensional reaction 
coordinate, t is the time, S(x) is the position-dependent sink 
function, ko is a measure of the nonradiative decay rate from the 
sink, and k,  is the position-independent radiative decay rate. For 
overdamped motion on a harmonic surface, the operator L is the 
usual Smoluchowski operator 

(4) 

where A = k B T / [ ,  B = pcoZ/[, [is the relevant friction coefficient, 
w is the frequency of the assumed harmonic surface, I.C is the 
effectve mass, kB is the Boltzmann constant, and T is the tem- 
perature. For underdamped motion, I is a Fokker-Planck op- 
erator given by the equation 

a LFP = -u - + WZX - + - - 
ax au  au  

where u is the instantaneous velocity of the Brownian particle. 
Equation 3 embodies the competition between the rate of 

population relaxation on the excited potential surface and the rate 
of population loss from the sink region. It is, therefore, not 
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surprising that the relaxation depends critically on the form of 
the sink function, S(x). We shall see that a simple description 
like eq 3 can lead to rather rich dynamical behavior. 

A similar theoretical description has been employed by Agmon 
and H ~ p f i e l d ~ ~  to describe the kinetics of rebinding of CO and 
O2 to the iron in heme in myoglobin. Sumi and Marcus33 and 
Nadler and Marcud4 have used essentially the same equation to 
study solvent effects on nonadiabatic electron transfer reactions. 
Schulten et have earlier used a similar description, in a 
somewhat limited form, to describe transfer of excitation between 
two groups in a large macromolecule. Because of its applicability 
to a wide range of problems a detailed analytical and numerical 
study of eq 3 has recently been carried out.34*s7 In the next 
sections, we shall solve eq 3 for several forms of the sink function 
S(x). The quantity of physical interest is the total survival 
probability, P e ( t ) ,  defined as 

Bagchi and Fleming 

The time dependence of Pe( t )  can be measured experimentally. 

111. Rate Constants and Fluorescence Quantum Yield 
In the case of barrierless reactions in solution, the usual def- 

inition of the rate constant in terms of a steady flux across the 
reactive region may not be applicable. An eigenvalue analysis 
of eq 3 can still be carried out and the lowest eigenvalue can be 
obtained, but the identification of the lowest eigenvalue with the 
rate constant may not be meaningful. This is because the ei- 
genvalue spectrum may be dense so that a single exponential decay 
may not be achieved within the lifetime of the excited state. It 
is therefore useful to introduce two different rate constants. The 
first one is the time-averaged rate constant, kl, defined through 

kl-l = L - d r  Pe(t)  (7) 

where P,(t), defined by eq 6, is the total population remaining 
on the excited-state surface at a time t after excitation. The second 
is the long time rate constant, kL, defined through the long time 
limit of P e ( t )  

(8) 
a 

f-m at 
kL = -lim - In P e ( t )  

There may be situations where these two rate constants differ 
significantly from each other. It is important to realize that these 
two rate constants will contain somewhat different information. 
The influence of the initial conditions (such as the excitation 
wavelength and the frequency of the ground state potential surface) 
on the subsequent relaxation will be contained in kl, but not in 
kL. We shall see later that kl and kL may also have different 
viscosity dependence. 

Note that in barrierless photochemical reactions, although, of 
course, the fluorescence yield may be measured, the usual defi- 
nition of fluorescence quantum yield in terms of a radiative rate 
constant, k,, and a nonradiative rate constant, k,,, is no longer 
valid. In fact, if the decay of the fluorescing state is nonexponential 
over most of the lifetime of the excited state, then no unique 
definition of quantum yield in terms of rate constants is possible. 
An approximate working definition may be provided by the 
following expression: 

For chemical reactions in the absence of a barrier the fluorescence 
quantum yield may depend rather strongly on the excitation 
wavelength and also on the viscosity of the solvent. It is important 
to note that for barrierless reactions the fluorescence quantum 
yield may not provide any direct information about the nonra- 
diative decay rate. 

I I I 
0 0  
Reaction Coordinole (x) 

Figure 2. Potential energy surface envisaged in the staircase model. The 
sink is located near the crossing of two zero surfaces. Relaxation on this 
surface is modeled by placing an absorbing barrier at position C and a 
reflecting barrier at A which is also chosen to be the origin of the co- 
ordinate system. 

IV. Pinhole Sink and Instantaneous Death Models 
The pinhole sink was introduced in ref 50 to model the situation 

where the radiationless relaxation occurs only from the neigh- 
borhood of the origin of the excited state potential surface and 
where the rate of decay from the sink is much faster than that 
of the natural motion on the surface. Thus, the system decays 
with unit probability when it arrives at the origin. The attractive 
features of this model are that it can be solved exactly for the 
Smoluchowski operator and that it provides a simple, analytic 
expression for the survival probability, Pe( t ) .  Subsequently, two 
other instantaneous death models have been solved for the survival 
probability. The first one is a genera l i~a t ion~~ of the Oster- 
Nishijima model and the second one is a new model, called the 
staircase Both models consider reactive motion to occur 
on a “flat” surface. In the Oster-Nishijima model the diffusion 
is limited by two sinks (or absorbing barriers) on the two sides 
that give rise to the decay of the population. In the staircase model, 
the diffusion is limited by an elastic (reflecting) barrier on one 
side and an absorbing barrier on the other side; see Figure 2. Note 
that the staircase model is somewhat intermediate between the 
pinhole sink and the Oster-Nishijima models. The staircase model 
may describe a situation in which the relevant reactive motion 
is on a “flatn surface which is formed from overlap of two zero- 
order surfaces and the sink is located near the crossing of the two 
surfaces, as shown in Figure 2. 

The instantaneous death models obviously represent drastic 
simplifications. However, they may be relevant to the situation 
where there is a “funnel” in some region of the potential surface. 
This funnel may arise because of the close proximity of the ground- 
and the excited-state surfaces a t  some specific geometry or con- 
formation of the molecule, as illustrated in Figure 1. Such a funnel 
can be formed by a “weak” avoided crossing of two zero-order 
s ~ r f a c e s . ~ I - ~ ~  

In the following, we briefly summarize the major predictions 
of the instantaneous death models. 

(i) Pinhole Sink. In this case we need to solve eq 3 (with L 
given by eq 4) for the following initial-boundary values: 

P(x,t=O) = P0(x) (9a) 

P(x=fm,t) = 0 (9b) 

P(x=O,t)  = 0 (9c) 

It is straightforward to solve this problem by the method of 
images.58 The total population remaining on the excited state 
after time t ,  P,.(t), is given by49*50 

Pe(t)  = e x p ( - k , t ) ~ m d x ~ P o ( x r )  + Po(-xr)] erf F(x’,t) 

where 

(10) 
0 

(56) Schulten, K.; Schulten, Z.;  Szabo, A. Physica 1980, A100, 599. 
(57) Bagchi. B. J .  Chem. Phys. 1987, 87, 5393. 

( 5 8 )  Feller, W. An Introduction to Probability Theory and Its Applica- 
tions; Wiley Eastern: New Delhi, 1972; Vol. 1, Chapter 14. 
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The error function, erf a, is defined by59 
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2 0  
erf a = -$ dy e-? 

a l l 2  0 

The predictions of this model will be discussed later in this section. 
Here we note that a simple expression can be obtained for Pe(t) 
when Po(x) is given by the equilibrium probability distribution 
on the excited state surface. In that case Pe(t) is given byS6 

This expression was first obtained by Schulten, Schulten, and 
S ~ a b o . ~ ~  However, note that 12 is valid only when Po(x) is a 
Boltzmann distribution. Equation 10 is the general solution. 

(ii) Staircase Model. In this case, the reactive motion occurs 
on a flat surface and L, is given by eq 4 with B = 0. We choose 
the coordinate system such that the reflecting barrier is a t  the 
origin and the absorbing barrier is at x = a. The initial-boundary 
values are given by 

P(x,t=O) = P,(x) (1 3a) 

P(x=a,t) = 0 (13c) 

This problem can be solved by the method of repeated reflectionsS8 
and is given 

P(x,t) = S d x ’  Po(x?P(x,tlx?, (14a) 

P(x,t(x 9 = exp(-k,t) ( 4 ~ A t ) - l / ~  

n=-m 1 +  (x - x’  + 
4At 

The total population on the excited-state surface after time t, Pe(t), 
is obtained by integrating P(x,t), which leads to a sum of four 
error functions.49 However, it is convenient to simplify eq 14b 
by using Poisson summation.60 The resulting expression for P,(t) 
is now given by 

(2n + 1 ) W  (2n + 1)ax’ 
2a Po(x? (15a) 

Although this expression for Pe(t)  is a bit cumbersome, the integral 
in eq 7 for kl-’ can be evaluated analytically and the resulting 
expression is 

(15b) 
1 

2A 
k f l  = -(a - xo)(a + xo) 

The above equation can easily be generalized for any distribution 

(iii) Oster-Nishijima Model. In this case also the reactive 
motion is on a flat surface ( B  = 0).  The initial-boundary values 
are given by 

of xo. 

P(x,t=O) = Po(x) (16a) 

P(x=O,t) = 0 ( 16b) 

P(x=a,t) = 0 (1 6c) 

(59)  Abramowitz, M.;  Stegun, 1. A. Handbook of Mathematical Func- 

(60)  Titchmarsh, E. C. The Theory of Funcrions; Oxford University: 
tions; Dover: New York, 1972. 

Oxford, 1939. 

a35L o b  ’ dm olos ’ 0107 do9 - 
Ti“ - 

Figure 3. Short time decay of excited-state population for a Gaussian 
source (nonzero uo) and for a delta function source, illustrating the effects 
of finite width of the initial population distribution. The parameter values 
are as follows: xo = -0.5,  A = 0.5, B = 1.0, uo = 0.354. 

The coordinate system is such that one absorbing barrier is a t  x 
= 0 and the other at x = a. As before, the solution can be obtained 
by the method of repeated reflections and P(x , t )  is still given by 
eq 14a with a different expression for P(x,tlx? which is now given 
by 

P(x,tlx? = e~p(-k,t)[4aAt]-’/~ X 

x - x‘ + (x + x’ + 
n=-m 5 (exp[ - (  4At ] - .XP[ - 4At 

This can also be transformed to a more convenient form by using 
the Poisson summation formula. The final expression for the 
survival probability, Pe(t), is given by 

(2n + 1)2a2 (2n + 1)ax’ 
(18a) exp[ - ,2 At]Jadx’Po(x? sin 

U 

As in the previous case, the integral for kfl can also be evaluated 
in this case and the resulting expression is 

XO 
(1 8b) 

Next we discuss the predictions of all the three models. 
(iu) Characteristics of the Models. All three models, the pinhole 

sink, the Oster-Nishijima (ON), and the staircase model predict 
multiexponential behavior a t  short times and single exponential 
behavior at long times. In the case of the pinhole sink, the long 
time decay constant, kL, is B, whereas in the other two cases, kL 
is v(a2A/a2), where u is 1 for the Oster-Nishijima and for the 
staircase model. 

In order to evaluate Pe(t) and the rate explicitly, we need an 
expression for the initial distribution, Po(x). In a one-dimensional 
model, if we assume that the ground-state potential well is har- 
monic containing a Boltzmann distribution at  the time of exci- 
tation, then Po(x) may be approximated by 

k-1 = -(a - I 2A xo) 

exp[-(x - xo)2/2u02] (19a) 
1 

P,(x) = - 
uo( 2a) 

with 

ao2 = kBT/u; ( 19b) 

up is the frequency of the ground-state surface and xo is the relative 
displacement of the ground-state surface with respect to the origin 
(located at the minimum of the excited-state surface). The origin 
is also the location of the pinhole sink (see Figure 1). 

Figure 3 illustrates the effects of a finite width for the initial 
distribution on the temporal evolution of Pe( t ) .  The main effect 
is on the initial decay, with the “induction period” being replaced 
by a rapid initial decay. Hence k ,  and pf will be affected but the 
value of k ,  will be unchanged. 
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function. The general Gaussian sink may be a quite realistic 
description of the position dependence of the nonradiative decay 
rate from the excited-state surface. This is because the energy 
difference between two harmonic surfaces is a quadratic function 
in x, and so an exponential gap law predicts a shifted Gaussian 
distribution for the transition probability between the two surfaces. 
The Gaussian sink also has useful limiting properties. In the limit 
us - 0, we recover the delta-function sink 

S(X) = 6(x - x,) (21) 

which has been studied recently.57 In addition, if we take the limit 
k ,  - a, then we recover the pinhole sink. As we shall see later, 
this last limit proves to be rather usual in our analysis. 

If the excited-state potential surface is not flat, then the position 
of the sink function, x,, plays a very important role in the dynamics, 
especially for a narrow sink. If the sink is centered at the origin 
(x, = 0), then we shall refer to it as a symmetric sink, while a 
sink with x, # 0 will be referred to as a displaced (or asymmetric) 
sink. 

We now discuss some general aspects of the finite decay rate 
models. Note that eq 3, with L given by eq 4, contains three time 
constants, A-I, B1, and ko-’ (with {as  the rotational friction). 
The last two, B1 and ko-I depend on the potential surface, Bl 

through w2, and ko-I through the energy gap between the two 
participating surfaces. At low friction these three time constants 
may be of the same order of magnitude for many systems. At 
very small values of {, the rate may even be limited by ko. At 
intermediate to large values of the friction, the dynamics at long 
times will be largely controlled by B. It is convenient to transform 
eq 3 to the form 

ON: 

LTIGIzL 0.1 0.2 0.3 0.4 0.5 06 07 0.8 W 

xo/o - 
Figure 4. Dependence of the average rate kl on the initial position xo 
(delta function source) for both the Oster-Nishijima and the staircase 
models. 

An important prediction of the instantaneous death models is 
that P,( t )  depends on time only through the ratio r / { ,  where { 
is the solvent friction. If we assume the linear, hydrodynamic 
relation between {and the solvent viscosity, 1, then P,(t) scales 
with t / v .  This prediction of the models can be tested directly 
against experiments. Also, the instantaneous death models are 
essentially two-parameter models (a and xo for the pinhole sink, 
a and xo for the ON and staircase models). Consequently, the 
decays predicted by these models are more restrictive than general 
multiexponential decays, as noted by Ben-Amotz and Harris.25a 

The dependence of the relaxation on the wavelength of the 
exciting light enters through the initial population distribution 
on the excited-state potential surface. However, this dependence 
is by no means simple. As pointed out by Ben-Amotz and Harris2s 
and by Sundstrom and Gillbro,I7 the multidimensional character 
of the excited-state potential surface will play an important role 
in determining the dependence of the relaxation on the excitation 
wavelength. In the one-dimensional picture described above, the 
excitation wavelength dependence enters through xo, the mean 
initial position on the excited-state potential surface. Note that 
the instantaneous death models predict that the long time rate 
constant, kL,  is independent of the initial distribution, Po(x), and 
hence it is independent of the excitation wavelength. Both kl and 
vf, however, may depend strongly on x,. Figure 4 shows the 
dependence of the average rate kl  on xo for both the Oster- 
Nishijima and staircase models, for a delta-function source. The 
dependence on xo is quite different for the two models. This 
difference may prove useful in distinguishing one model from the 
other. 

None of the instantaneous death models has the interesting 
temperature dependence that has been observed in recent ex- 
periments. As mentioned earlier, Akesson et aLZh and Ben-Amotz 
and H a r r i ~ ~ ~ 2 ~  observed a viscosity-mediated crossover from a finite 
negative temperature dependence of the rate coefficient a t  small 
viscosity to a finite positive temperature coefficient at large vis- 
cosity. In the case of the pinhole sink, the long time decay constant 
k L  is independent of temperature. The initial rate kl may show 
a temperature dependence through Po(x) but this dependence is 
weak. For the Oster-Nishijima model, both kL and kI  have a 
positive temperature coefficient at all viscosties. For the staircase 
model, kL has a positive temperature coefficient, but kl is less 
sensitive to temperature than in the Oster-Nishijima model. 

Finally, we note that if  radiative relaxation is neglected, then 
all of the instantaneous death models predict inverse friction 
dependence of both kL and k I .  Only models in which the decay 
rate is finite a t  the sink exhibit fractional friction (or viscosity, 
if the linear Stokes-Einstein relation is used) dependence of the 
rate constant. We now turn to a discussion of such models. 

V. Gaussian Sink and Finite Decay Rate Models 
The general Gaussian sink is represented by a Gaussian function 

centered at  a position x,, measured from the origin of the ex- 
cited-state potential surface and is given by 

S(X) = 1 exp[-(x - xg12/us21 (20) 
U s P ’ / 2  

where us is the usual measure of the width of the Gaussian 

ap - a2p a 
at ,  ax2 
- = A - + z ( x P )  - R$(x)P - ft,P (22) 

where 

Equation 22 is in a dimensionless form suitable for studying 
general relaxation properties. If  a long time rate kL exists, then 
dimensional analysis gives (for k,  = 0) 

kL = Bf(.2,Ro) (24) 

where the function f depends on friction through ~ o ( = k o { / ~ w z ) ,  
and A is independent of friction. In the limit ko >> 1,  we recover 
the pinhole sink andfapproaches unity, so kL B, Le., inverse 
friction dependence. In the other limit where ko << 1, the rate 
is controlled by k o / B  andf = k,, so that kL = ko, and the rate 
is independent of friction. These two limiting cases have also been 
confirmed n ~ m e r i c a l l y . ~ ~  Thus, kL will show fractional friction 
dependence for intermediate values of ko. The behavior of kl is 
more complicated and will be discussed later. 

The main point of the preceding discussion is that the dynamics 
of relaxation and also the friction dependence of the rate are 
controlled by the ratio ko/B.  It follows that the fractional friction 
dependence predicted here arises from a competition between the 
rate of temporal evolution of the population distribution toward 
its equilibrium form and the rate of removal of population from 
the sink region. This latter process prevents the distribution from 
attaining its equilibrium form on the excited-state potential surface. 

For a realistic choice of the sink function, eq 3 must be solved 
numerically. Several methods of solving (3) have been proposed 
and some of them are discussed in the Appendix, along with their 
merits and demerits. It is interesting to note that all the numerical 
methods discussed in the Appendix face difficulty as k ,  becomes 
very large. It is fortunate that we know exactly, for a narrow sink, 
the result when ko - a. In this limit, we get back the pinhole 
sink. 

VI. Results 
We shall first discuss the results for a symmetric sink. The 

detailed shape of P,(t) and the values of the rate constants depend 
* 
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Figure 5. Distribution function P(x, t )  at five different times for a narrow 
Gaussian sink at the origin with k ,  = 1 .O. The asterisk marks the initial 
excitation at  xo. 

on the parameters of the sink function and also on A and B. We 
next present results obtained mostly by solving the system of eq 
A7. In some cases, we have also used the propagation technique. 

( i )  Time Dependence of Excited-State Decay. The temporal 
profile of the survival probability, P,( t ) ,  is quite similar for all 
of the sink models that have been considered. The short time decay 
subsequent to excitation is nonexponential while an exponential 
decay is always recovered in the long time limit. However, the 
onset time, beyond which the decay is indistinguishable from a 
single exponential, depends rather strongly on ko (={ko/ptw2) and 
on the width of the sink function. This is because the attainment 
of the steady state depends on the competition between the rate 
of population relaxation on the excited-state potential surface and 
the rate of loss of population from the sink region. Such a steady 
state is reached very easily for ko I 1 in the case of a narrow sink. 
In the case of a wide sink the population is removed at  different 
rates from different positions on the reaction surface making the 
attainment of a steady state difficult. It follows that single ex- 
ponential behavior may only be recovered after the reaction has 
gone a substantial way toward completion, that is P J t )  N 0. On 
the other hand, if  the sink is very narrow and ko >> 1, then the 
situation is again favorable for single exponential decay as can 
be seen from the pinhole sink model. 

In order to illustrate the competition between ko, S(x), and B, 
we have drawn in Figure 5 the population distribution, P(x, t ) ,  
at five successive times, starting from a time immediately after 
t_he excitation. This figure clearly shows that even for a small 
ko (ko = 1 in Figure 5), the distribution near the origin deviates 
significantly from the Boltzmann distribution, although a steady 
state is reached in a short time. As ko is increased, the distribution 
becomes more non-Boltzmann and a longer time is needed before 
a steady state is reached. 

A quantitative understanding of the non-steady-state dynamics 
and consequent nonexponential decay can be obtained by analyzing 
the eigenvalue spectrum of the dynamic matrix given by eq A7. 
If we write (A7) as u( t )  = MY+(?), then the eigenvalues of M, 
all real and negative, can be ordered as XI X2 X3 ... . Then XI is 
the negative of the long time single exponential rate kL and (XI 
- is the longest transient time. Thus, a suitable parameter 
to study nonexponential decay is given by 

If A I 2  is much greater than unity, then single exponential decay 
will set in with a significant amount of population remaining on 
the excited-state potential surface. In the opposite limit, the decay 
is multie_xponential. I n  Figure 6 the values of A I 2  are plotted 
against ko for a delta-function sink centered a; the origin. The 
inset in  this figure is for very small values of ko. It is seen that 
A I 2  becomes very large at small values of ko indicating single 
exponential decay behavior. At larger values of ko ( k o  > 2 ) ,  
however, A,*  becomes small and comparable to unity. In  this 
region, multiexponential decay begins to dominate the relaxation 
process. In  Figure 7 ,  the time dependence of excited-state pop- 
ulation is plotted against time for three values of ko for the same 

1 2 3 4 5 6  

Eo 

Figure 6. Eigenvalue spectrum plotted against Lo for a delta-function 
i n k .  The calculated values of A,*, defined by eq 25, are plotted against 
ko for the symmetric delta functio! sink. The inset in the figuEe shows 
the behavior for small values of ko on an  expanded scale. A = 0.5. 

0 1  2 3 4 5 6 7 8 9  
Et 

Figure 7. Excited-state population P,( t )  is plotted against 
several values of ko for the symmetric delta function sink 

time ( B t )  for 
at the origin. 

delta-function sink. The figure shoFs that the nonexponential 
character of the decay increases as ko is increased. 

Since the above results are given in terms of the dimensionless 
quantity ko, there are two ways to interpret the results. Firstly, 
ko can be varied at constant B (Le. a t  constant friction). This 
may happen when the nature of the solvent (such as polarity) is 
changed at  constant viscosity. Alternatively, B may change at 
fixed k,. In this case, Figures 6 and 7 depict the effects of viscosity 
on the relaxation process. In particular, Figure 7 shows the 
crossover to nonexponential behavior which occurs as {increases 
(note that in Figure 7, the abscissa scale changes with B ) .  

Early experimental s t u d i e ~ ~ ~ ~ ~ , ~ ~  found a viscosity-dependent 
crossover from a single exponential decay at low viscosity to a 
multiexponential decay at large viscosity in the relaxation of the 
TPM dye molecules in alcohol solvents. However, more recent 
experiments of Ben-Amotz, Jeanloz, and HarriszSb on the same 
system do not find any significant change in the single exponential 
behavior as the viscosity of the solvent is changed by 3 orders of 
magnitude. This may be partly because of a rather large time 
delay range (-300 ps) that was used which may preclude de- 
tection of nonexponential behavior at high viscosity. Similarly, 
Sundstrom and found no indication of increased 
nonexponentially at large viscosities in their study of several dye 
molecules that appear to follow a barrierless mechanism. However, 
the time resolution of these experiments was limited to 10 ps, so 
a short time nonexponential behavior may escape detection. 
Recently Ben-Amotz and Harris25a observed nonexponential decay 
at  very short times for crystal violet at small viscosity. They 
analyze their data in terms of the pinhole sink and Oster-Nishijima 
models and found good agreement with the theoretical predictions. 

( i i )  Viscosity Dependence of Rate. The viscosity dependence 
of the rate of barrierless reactions has received considerable at- 
tention partly because of the experimentally observed strong 
viscosity dependence of the electronic relaxation of TPM dyes and 
partly because of the belief that the rate is limited only by solvent 
frictional forces which provide the only "resistance" to the reactive 
motion. The latter statement is definitely true for instantaneous 
death models where the rate is inversely proportional to the solvent 
viscosity. For finite decay models, however, the properties of the 
sink play an important role and a much richer viscosity dependence 
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Figure 8. Calculated valges of &I (solid lines) and 1, (=-A,) (dashed 
line) are plotted against ko for the symmetric delta-function sink. The 
values of the initial position (x,) are indicated on :he figures. The long 
time rate shows the expected saturation at large k,. A = 0.5. 

emerges from the theoretical analysis. 
As discussed in section I!, the rate is determined primarily by 

the dimensionless quantity k,,, both k,  and kL become independent 
of viscosity in the limit ko - 0. In the opposite limit, ko - m, 

both k ,  and kL show an inverse viscosity dependence. A fractional 
power dependence of :he rate on viscosity is observed in the 
intermediate range of ko. Another important prediction of the 
theory is that the viscosity dependence of the average rate, kl, 
depends rather strongly on the initial conditions. That is, kl is 
a function of both xo and (. Predictably, kL is indepecdent of xo. 
These_ results are illustrated in Figure 8-where both kl ( = k l / B )  
and kL (=kLI ,B)  are plotted against ko for several orders of 
magnitude of k,,. The dependence o,f kl_on xo is also shown. This 
dependence is stronger for larger ko ( k ,  > 5). The figure also 
suggests that the fractional viscosity dependence of kl is appre- 
ciable when the system is prepared in a configuration that is close 
to the sink (small Ixol) on the excited-state potential surface with 
a narrow initial population distribution. The fractional power 
dependence of k l  on solvent viscosity is thus related to the dom- 
inance of non-steady-state dynamics in the relaxation process. 

The significant difference in the behavior of kl and kL is the 
hallmark of barrierless chemical reactions. Detailed experimental 
studies of viscosity and excitation wavelength dependence of kI  
and kL are necessary to verify these simple predictions. 

(iii) Temperature Dependence of the Rate. One would naturally 
expect a weak temperature dependence of the rate for barrierless 
reactions. The present theory predicts an interesting crossover 
from an apparent negative temperature dependence of the rate 
coefficient at small viscosity to positive activation energy at higher 
viscosity. The magnitude of the activation energy is, of course, 
small in both the cases. The crossover reflects the competition 
between B and ko. At low values of ko an increase in temperature 
broadens the (almost) equilibrium population distribution in the 
sink region. This in turn lowers the rate of decay. In the case 
of larger ko, however, the Boltzmann distribution is never attained, 
and the rate-determining step becomes the time the system takes 
to reach the sink. Now the rate increases with increasing tem- 
perature. Thus, a crossover to positive activation energy is pre- 
dicted. 

VII. Reactions with Very Low Internal Barrier 
Widom6I and ChandleP have discussed the fact that the 

standard double well model of a chemical reaction does not admit 
a rate equation description if the barrier separating the two wells 
is too small (E,,, 5kBT).  The reason is that the return tra- 
jectories from the product well interfere with the reactive tra- 
jectories and render the formation of a steady state with an ex- 
perimentally detectable lifetime difficult. If a sink is present in 
the double well, then a steady state may again be formed at long 
times. Such a situation was investigated recently by Robinson 
et al.63 who suggested that a modified Arrhenius form should hold 

02 0.4 0.6 08 1.0 
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Figure 9. Calculated Long time rate LL is plotted against exp(-x,2) for 
two different values of ko for a Gaussian sink. The crossover to Arrhenius 
behavior is clearly seen at hrge x, (small exp(-x:)). The other param- 
eter values are xo = -0.5, A = 0.5, and us = 0.1. 

even in the limit of very low barrier. Our work, however, indicates 
a non-Arrhenius behavior for the rate in the case of a very low 
internal barrier. 

Our model is a direct generalization of the zero barrier case 
with the sink displaced from the minimum (see Figure 1) by a 
small amount. As before, we assume that the reaction surface 
is harmonic and the time dependence of the probability distribution 
is given by eq 3. Theoretical investigations have been carried out 
for two kinds of sink functions: a pinhole sink and a delta function, 
both centered at the displaced position, x,. We have not been able 
to find a simple, analytic solution for P(x,t) for the pinhole sink 
in the present situation and the survival probability P,( t )  was 
obtained numerically. However, for the pinhole sink case we can 
derive an analytic expression for the integrated rate kl. This results 
from the fact that the average survival time, T(xo),  obeys an 
equation of the form64*65 

where T(xo) = k f i .  This equation can be solved with the ab- 
sorbing boundary condition at x = x,. The resultant expression 
for the average rate is given by66 

Unfortunately, it has not been possible to obtain an analytic 
expression for the long time rate constant kL and we have obtained 
kL by numerically solving the Smoluchowski equation. The results 
are shown in Figure 9 when the long time rate is plotted against 
exp(-x;) for two different values of ko. For the chosen parameter 
values, we have E,,/kBT = x:. Thus, a crossover to an Arrhenius 
behavior is seen clearly in Figure 9 as x, is increased from a small 
value (e.g. for ko = 10 for abscissa values less than 0.8). For very 
small values of x, (x, 5 O S ) ,  there is a non-Arrhenius dependence 
of the rate on the barrier height. It is found that the rate depends 
linearly on x, for small x,. In our model, this implies that the 
rate decreases as (E,c,)i/2 as E,,, increases. 

Although the non-Arrhenius dependence of the rate on the 
activation energy is not surprising, the strong dependence of rate 
the on x, may play an important role in our interpretation of 
temperature and solvent effects on chemical reactions with low 
 barrier^.^' For example, if a change in temperature (at constant 

~~ 

(61) Widom, B. J .  Chem. Phys. 1971,55, 44. 
(62) Chandler, D. J .  Chem. Phys. 1978, 68, 2959. 
(63) Robinson, G. W.;  Jalenek, W .  A.; Statman, D.  Chem. Phys. Left .  

1984, 110, 135. 

(64) Stratonovich, R. L. In Topics in the Theory of Random Noise; 

(65) Weiss, G .  Ado. Chem. Phys. 1966, 13, 1. 
(66) Poornima Devi, C. S.; Bagchi, 8. Chem. Phys. 1988, 149, 41 1 

Gordon and Breach: New York, 1963; Vol. 1, Chapter 4. 
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Figure 10 corresponds to a barrierless reaction. Figure 10, 
however, does not provide the total picture. In reality, the free 
energy is a multidimensional surface with solvent polarization as 
one of its dimensions; the other dimensions are internal degrees 
of freedom of the molecule. Thus, a proper description of the 
dynamics of an electron transfer reaction should be based on a 
joint probability distribution, P(Q,X,t), where Q stands for a set 
of nuclear coordinates and Xis, as before, the solvent polarization 
coordinate that is coupled to the reactive motion. In some cases,j3 
an electron transfer reaction can proceed in the absence of a barrier 
to the motion along the nuclear reaction coordinates, but it may 
need a nonzero value of solvent polarization to drive the electron 
transfer. The activation energy involved for such polarization 
fluctuations can be quite small, so the reaction still remains 
barrierless for practical purposes. In the following we briefly 
discuss the physical scenario for which the theory of Sumi and 
Marcus (or its extensions) may be applicable. 

Subsequent to initial excitation, the molecule undergoes rapid 
intramolecular (e.g., vibrational) relaxation which brings it down 
to the minimum of the nuclear potential surface of the locally 
excited (LE) state. In the problems of present interest, the LE 
state has the correct nuclear geometry for electron transfer. If 
this vibrational (and/or any other relevant internal mode) re- 
laxation is much faster than the electron transfer, then the latter 
is controlled by solvent polarization fluctuations alone and we can 
write P(QJ, t )  = Pq(Q).P(X,t). In such a situation, we may be 
justified in writing an equation of motion of the type given by eq 
28, provided that we define k,(X) as an average over an intrinsic 
rate that also depends on nuclear coordinates 

React ion Coord inatc 

Figure 10. Schematic representation of the zeroth order surfaces giving 
rise to (a) an “abnormal” electron transfer reaction, (b) a barrierless 
reaction, and (c) a normal, high barrier reaction. This picture is adopted 
from Figure 2 of Calef and Wolynes (ref 65). 

viscosity) induces a small change in the relative positions of the 
ground- and the excited-state potential surfaces such that a small 
barrier appears (or disappears), then a significant temperature 
dependence of the rate coefficient will be observed experimentally. 
Such a result may lead to an erroneous conclusion for the 
“molecular” activation energy. This adds a new complexity in 
the interpretation of low barrier case data which deserves to be 
studied in more detail. 

VIII. Electron Transfer Reaction as a Barrierless Process 
Recently Sumi, Nadler, and M a r c ~ s ) ~ . ~ ~  carried out a detailed 

theoretical study of dynamic solvent effects on electron transfer 
reactions in a polar liquid. Their study was motivated by recent 
experimental  observation^^'-^^ that many fast, excited-state, in- 
tramolecular electron transfer reactions proceed without any 
appreciable activation barrier. The rate of electron transfer is 
still controlled by polarization fluctuations because the rate scales 
with the longitudinal relaxation time, T~ Marcus and co-workers 
suggested that the dynamic solvent effects on such electron transfer 
reactions can be understood by modeling electron transfer reactions 
as a barrierless process with solvent polarization (X )  as the reaction 
coordinate. A reaction occurs when the solvent polarization attains 
a certain critical value, X,. A quantitative study of such barrierless 
electron transfer processes was carried out by using a modified 
Smoluchowski equation of the form 

ax I 1  ax 
a 
at 
-P(X,t) = TL-’ 2 2 + X P - k,(X) P (28) 

where k,(X) is the coordinate (here solvent polarization) dependent 
rate of electron t r a n ~ f e r . ~ ) , ) ~  The form of k,(X) is determined 
by several considerations discussed below. It is interesting to note 
that the treatment of barrierless electron transfer reactions by 
Sumi, Nadler, and Marcus is quite similar to our modelSo (dis- 
cussed in the preceding sections) of solvent effects on barrierless 
electronic relaxation in solution. Indeed, we show below that 
although terminologies differ, the two descriptions are virtually 
identical. We have already mentioned that Agmon and H~pf ie ld)~  
used a similar theory to model recombination of carbon monoxide 
to heme in myoglobin. 

The conditions that can give rise to a barrierless electron transfer 
reaction were, perhaps, first discussed by Calef and Wolynes68 
who pointed out that three different situations can arise in electron 
transfer reactions. These three situations are illustrated in Figure 
10. Case a in this figure corresponds to the so-called “abnormal 
free energy” region and case c corresponds to the normal, activated 
process. The potential energy diagram illustrated by case b in 

(67) Bagchi, B. Chem. Phys. Le t f .  1987, 139, 119. 
(68) Calef, D. F.; Wolynes, P. G .  J .  Phys. Chem. 1983, 87, 3387 
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where the rate function, k ( Q X ) ,  depends both on nuclear coor- 
dinates and on polarization. Clearly, such a one-dimensional 
description of electron transfer is appropriate only if the relaxation 
of the nuclear coordinates is much faster than the electron transfer 
process. Equation 28 may not be used when there is a high barrier 
along the nuclear reaction coordinates since the one-dimensional 
description is then inappropriate. In such a situation, one must 
work with the joint probability distribution function, P(Q,X,t). 

The form of the position-dependent rate k,(X) is determined 
by the nature of the coupling between the ground- and excited-state 
electronic surfaces. Two limiting cases are possible. If the crossing 
surfaces interact weakly, then we have a nonadiabatic ~i tuat i0n. j~ 
In this case there is a finite probability for decay of the initial 
state from the sink region and the width of the sink is determined 
by other degrees of freedom. If the sink is narrow, then Sumi 
and Marcus33 term it a “narrow window“; the opposite limit is 
termed “wide window”. For a narrow window, their theory is 
identical with that of Bagchi, Fleming, and OxtobySo with a delta 
function sink. The wide window case is the Gaussian sink model 
of BFO theory. In sections V and VI  we showed that an expo- 
nential decay is always obtained for sufficiently long times in the 
case of a narrow sink. For a wide sink, however, establishment 
of a steady-state decay may be difficult at large friction because 
population is now removed at different rates from different regions 
of the excited state surface and population relaxation on the surface 
may not be sufficiently fast to establish the steady state. This 
agrees with the numerical analysis of Sumi, Nadler, and Mar- 
cus.33i34 The situation changes if the two crossing surfaces interact 
strongly to create an ”avoided crossing”. Now the reaction is 
adiabatic and electron transfer occurs with unit probability when 
a critical value of the solvent polarization coordinate X, is reached. 
This situation can be described by placing an absorbing barrier 
at the sink region. Thus, adiabatic, barrierless, electron transfer 
reaction is essentially described by the pinhole sink model of ref 
50 and eq 10 gives the population that has not reacted at time 
t .  The long time decay is single exponential with a rate T ~ - ’ ,  and 
the dynamics of electron transfer, in this one-dimensional model, 
are controlled by solvent polarization fluctuations alone. Note 
that if the initial population distribution is an equilibrium dis- 
tribution of the excited-state potential surface, only then is the 
expression of Schulten et aLS6 (eq 12 of section IV) applicable. 
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However, the validity of eq 12 is doubtful at early times because 
an initial equilibrium distribution on the excited surface is unlikely 
in the presence of a pinhole sink at  the origin. Equation 10 is 
the general expression that should be used when comparing with 
experimental results. Both expressions, however, lead to the same 
long time rate constant, so that distinguishing between them 
experimentally may be difficult. 

Even a one-dimensional model of barrierless electron transfer 
reaction predicts rich and diverse dynamical behavior. There are 
many similarities to the dynamics of barrierless electronic re- 
laxation of dye molecules, reviewed in the preceding sections. If 
the electron transfer process is markedly nonexponential, then it 
should be analyzed in terms of two time constants kL and k,, just 
as in the case of barrierless electronic relaxation. Note that k<' 
is the average survival time, which is T~ in the notation of Sumi 
and Marcusjj Qnd ( T) in the notation of Agmon and Hopfieldj6). 
For a range of ko (similarly defined for electron transfer), we again 
predict multiexponential dynamics and a fractional power de- 
pendence of the average rate k ,  on T ~ .  Such nonexponential 
behavior might have been observed in recent experiments, as 
discussed by Nadler and Marcus.j4 

One obvious limitation of the above theoretical discussion is 
the one-dimensional nature of the models. In many situations, 
an internal degree of freedom (which may or may not be viscosity 
dependent) is coupled to the reactive mode. We now turn to 
discuss some aspects of two-dimensional barrierless reactions. 

IX.  Two-Dimensional Reactions 
The influence of a nonreactive mode on a high barrier reaction 

has drawn considerable attention recently.33~34~51-55 All of these 
discussions have focused on cases where only the reactive coor- 
dinate has friction. However, there are interesting situations where 
both the reactive and the nonreactive motions encounter frictional 
resistance. A realization of the latter case is a reaction in which 
both charge separation and large amplitude motion occur. The 
isomerization of trans-stilbene and related compounds in polar 
solvents may be an experimental example.46 In such a case both 
dielectric and viscous forces are important and experiments could 
be performed varying either or both types of friction. 

In  barrierless reactions, an extra dimension not only may open 
a new channel for reaction but also may play an important role 
in determining the excitation and probe wavelength dependences. 
For example, if the reactive motion is a low-frequency large 
amplitude motion, such as the rotation of phenyl groups in TPM 
dyes, then the Franck-Condon active mode may be some high- 
frequency vibrational mode of the excited state.21.2h In such cases, 
the friction dependence of the nonreactive mode may not be of 
importance to the outcome of the reaction. There can also be cases 
(such as the isomerization of trans-stilbene) where the second mode 
exhibits a friction dependence. Theoretically, it is the latter case 
that is more interesting. In the following, we briefly discuss a 
model of two-dimensional barrierless reactions where both di- 
mensions have frictional resistance. 

The theoretical description discussed in earlier sections can be 
easily extended to treat barrierless reactions on multidimensional 
potential surfaces. The equation of motion for the excited-state 
population density is now given by 

Bagchi and Fleming 

where A is the diffusion tensor and F = -pV, Vbeing the mul- 
tidimensional potential energy surface, and V is the usual gradient 
operator. For a two-dimensional surface, we choose V to be of 
the form 

P P p v  = -p,w,zx2 + zpy'yw,'y2 + yxy 2 
where y is the coupling parameter and the other symbols retain 
their earlier meaning. 

For a two-dimensional barrierless reaction surface, the concept 
of a reaction coordinate looses its significance unless one of the 
two frequencies is much smaller than the other (with A fixed), 
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Figure 11. Effect of friction in the x coordinate (2;) on the long time rate 
constant kL for a two-dimensional barrierless reaction with a symmetric 
Gaussian sink at the origin of the two-dimensional potential surface. The 
long time rate is plotted against {,/lY, cy is kept constant. u, = ut = us. 
uo gives the width of the initial, symmetric, population distribution on 
the excited state (extension of eq 19 to two dimensions). The parameter 
values are given on the figure. 

and/or diffusion along one coordinate is much faster than that 
along the other. In the present discussion we further assume that 
A is diagonal with A,  and A, denoting the respective diffusion 
constants. Therefore, the coupling between the two dimensions 
is introduced through the linear coupling parameter y and through 
the sink function S(x,y). As before, we assume that the sink 
function is Gaussian and is given by 

where (x,,ys) now gives the position of the sink on the two-di- 
mensional surface. 

A detailed investigation of this model is yet to be carried out. 
A preliminary study7' indicates diverse dynamical behavior. We 
found that in the two-dimensional case, nonexponential behavior 
of the initial decay is somewhat enhanced, although a single 
exponential decay is always obtained at long times. The long time 
rate, kL, has a fractional dependence on friction if friction along 
one of the dimensions is varied while keeping that along the other 
fixed. This behavior is shown in Figure 11 for a symmetric 
Gaussian sink with x, = y, = 0 and u, = u, = us. In order to 
understand the behavior depicted in this figure, let us first re- 
member that A,/A,  = {.J{,. Thus, when {,/{, is small, we see 
a strong, almost inverse, friction dependence of kL. However, when 
{,/lY >> 1, the rate becomes independent of {,. This is because 
at large {,/{,, the reactive motion is along they coordinate. A 
complementary picture is shown in Figure 12 when kL is plotted 
against B,, while keeping all other parameters fixed. Thus, Figure 
12 shows the variation of kL as the frequency w, is varied with 
wy and the friction coefficients are held fixed. When w, >> wy 
(Le. B, >> By), the rate becomes almost independent of w,, because 
the y coordinate becomes the reaction coordinate. However, a 
strong dependence on w, is observed when w, my. Thus, Figures 
11 and 12 clearly show that the concept of reaction coordinate 

(69) Hynes, J. T. In The Theory of Chemical Reaction Dynamics; Baer, 

(70) Grote, R. F.; Hynes, J. T. J .  Chem. Phys. 1982, 77, 3736. 
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Chem. Phys. 1984,80,4559. Fleming, G. R.; Courtney, S. H.; Balk, M. W. 
J .  Sraf. Phys. 1985, 42, 63. Lee, M.; Holton, G. R.; Hochstrasser, R. M. 
Chem. Phys. Left.  1985, 115, 359. 
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Figure 13. Rate constant, k,, of excited-state population decay is plotted 
against the friction parameter for a Gaussian sink. The solid line gives 
the solution of the full phase space Fokker-Planck equation and the 
dashed line gives the Smoluchowski result. This graph is taken from ref 
78 where calculations were performed with the following absolute values 
of the parameters: w = 5 X loL2 8, ko = lo'* s-l, k, = 0, and ko = -0.2. 

fand,8" to generate the stochastic trajectories. The effect of a finite 
sink is incorporated into the stochastic dynamics by an accept- 
ance-rejection method. The probability per unit time that the 
particle is absorbed by the sink at position xi during the short time 
interval At is Pi = koS(xi) Ar. The acceptance-rejection method 
is implemented by calling an evenly distributed random number 
at each time step. The validity and convergence of the procedure 
depend on the size of the time step. 

There are several interesting results obtained in the low viscosity 
limit. Firstly, the rate of relaxation is a nonmonotonic function 
of the solvent friction for a Gaussian sink. The rate increases with 
friction at  very low viscosity, goes through a broad maximum, 
and then decreases. After the turnover, the rate agrees quite well 
with the Smoluchowski limit result, as shown in Figure 13. It 
is important to note that the rate here is not zero in the limit { - 0, as in the high barrier case. The asymptotic ({ -. 0) limit 
has been obtained analytically66 and agrees quite well with the 
numerical results. The nonmonotonic dependence of the rate on 
friction arises from a competition between the amount of time 
the solute particle spends near the origin, where ko S(x) is large, 
and the amount of time the particle takes to reach the origin from 
its initial position. This feature is not predicted from the Smo- 
luchowski equation, which neglects the oscillatory motion of the 
particle in the potential well. The second interesting result is an 
oscillatory decay profile in the low viscosity limit. The period of 
oscillation coincides with the frequency of the harmonic well. 
Thirdly, the decay is much slower than that predicted by the 
Smoluchowski equation. 

The above calculations are all purely classical. In the low 
viscosity limit the quantum nature of the vibrational motion will 
begin to have an effect. We may especially need to consider the 
effects of frequency dependence of friction in the vibrational 
population relaxation. These are interesting problems for the 
future. 

The experimental verification of the theoretical predictions 
(especially the turnover of the rate) is yet to come. We feel that 
the exploration of the low-viscosity regime of barrierless reactions 
will lead to interesting new results and enrich our understanding 
of these processes. 

XI. Concluding Remarks 
The simple models for barrierless, or very small barrier, re- 

actions described above predict a rich variety of phenomena. In 
general population decays depend on the initial conditions, are 
nonexponential, and are characterized by two time scales which 
have differing dependences on external parameters such as solvent 
viscosity or dielectric relaxation time. Thus the degree of no- 
nexponentiality also depends on the value of external parameters. 
The temperature dependence shows a crossover from an apparent 

~~ 

(80) Helfand, E. Bell System, Technol. J .  1979, 58, 2289. 
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negative activation energy to a positive activation energy as the 
friction increases. Just as in the Kramers model of escape over 
a high barrier, at low values of friction barrierless reactions are 
predicted to show a turnover to a decreasing rate as friction is 
lowered further. For very small barrier reactions we predict a 
long time rate proportional to (Eaa)-1/2. The addition of a second, 
friction-dependent dimension to the problem leads to new types 
of behavior and shows that in this case the concept of a reaction 
coordinate may have limited usefulness. We hope that this article 
will stimulate further experimental studies of barrierless reactions 
and lead to a clarification of the applicability of one-dimensional 
models to reactions in solution. 
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Appendix 
Here we shall describe three different numerical methods that 

have been used to solve the modified Smoluchowski equation (eq 
3 and 4 of the text). 

( i )  Eigenfunction Expansion. In this method the probability 
distribution function P(x,t) is expanded in the eigenfunctions of 
the Smoluchowski operator Ls 

m 

P(x,f) = Cu,(f) b,(x) (A I )  
n=O 

where b,(x) is the nth eigenfunction of Lsso 
Lsb, = -nBb, (A21 

b,(x) = e ~ p ( - x ~ / 2 u ~ ) H , ( x / 2 ~ / ~ ~  (A3) 

where H ,  is the Hermite polynomical of order n, V = ( A / E ) ’ / z ,  
and the normalization constant A ,  is given by 

A,, = (Vn!2”(2~)~1~)-I (A4) 
The conjugate eigenfunction b, is defined throughSo 

b,+Ls = -nBb,+ (AS) 

6, = A,H,,(x/~I/~V) (A61 

6, and b,+ are orthogonal to each other. Substitution of (Al )  in 
eq 3 of the text gives rise to the following system of equations: 

a,(?) = -(mB + k,)u,(t)  - k o ~ A n 1 ~ 2 A , 1 / 2 1 , , ~ , ( t )  (A7) 

The matrix I depends on the nature of the sink function. For 
a Gaussian sink centered on the origin, S(x)  = exp(-x2/gS2), I 
is given byf0 

Bagchi and Fleming 

The expression for P , ( t )  is given by 

P,(r) = [(2n)’/2Vl%o(t) ( A l l )  

k1-‘ = [(2..)1/2V]%.,(S=O) (A121 

The expression for k ,  is 

where $,(CY) is the Laplace transform of uo(t) .  
The main advantage of the eigenfunction method is that the 

matrix I is real and symmetric, so the eigenvalues can be obtained 
by diagonalization. The lowest eigenvalue, A,, gives kL. k ,  can 
be obtained from (A12) by direct matrix inversion. The main 
disadvantage of the eigenfunction method is that it is slowly 
convergent for large ko/B. 

(i i)  Master Equation Approach. Agmon and Hopfield% solved 
eq 3 for a Smoluchowski operator by a master equation approach. 
In this approach a discretized version of eq 3 is written in terms 
of transition probabilities between the nearest neighbor cells. The 
final form of the master equation can be written in the form36 
a p ( i ) / a t  = pi- lQ(i) i  - 1) + pi+lQ(ili + 1) - 

p i [Q( i  - ili) + Q(i  + lli)] - kpi - k,p(i) (A13) 

where coordinate x is divided into a grid of points {xi] with spacings 
Ax = xi+, - xi, pi  = p(xi,t), k,  = k$(xi).  The transition prob- 
abilities from cell j to cell i are given by 

( m  + n )  even (A8) 

where 2FI is an ordinary hypergeometric function.55 If S(x)  is 
a delta-function sink at xs, then 

Imn = Hn(xs)Hm(xJ ex~(-x,2/2v2) (‘49) 

Both these two sinks have been studied numerically. In addition, 
Bagchi et aLso also investigated a Lorentzian sink. For a delta- 
function source at x = -Ixol, the initial condition on (A7) is given 
by 

~ o ( O )  = bm+(-xd (A 10) 

A 
Q(ib) = - exp[-(V, - V,)/2kBT] (A14) 

where V(x) is the potential on the solute particle. The merit of 
eq A1 3 is in describing the reaction-diffusion process as a biased 
random walk in the presence of loss from the surface. However, 
for large ko, the scheme faces serious difficulty. Moreover, a 
judicious choice of grid size, x ,  and time step is necessary in order 
to implement eq A13. 

( i i i )  Propagation Technique. This is perhaps the simplest 
numerical technique that has been usedM to solve finite decay rate 
barrierless reaction models. This method is based on the obser- 
vation that for harmonic surfaces, the temporal evolution of the 
probability density, in the absence of any sink term, is known 
exactly. This is true for both Smoluchowski and Fokker-Planck 
operators. Thus, for the Smoluchowski operator, the probability 
density at a time t is related to that in an earlier time t’ by 

p(x,tlx’,t’) = Sad.’ G(x,t)x’,t’) P(x’,t’) (A15) 
-m 

where the propagator G(x,tlx’,t’) is given by 
G(x,tlx’,r? = 

Therefore, one can use a discretized space-time representation 
to solve eq 3 by propagating the probability distribution on the 
harmonic surface and at the same time removing the population 
to take into account the decay due to the sink terms. The simplest 
propagation equation is given by 
p(x , t+At )  = 

X I d x ’  G(x,t+Atlx’,t)P(x’,t) - k&x)P(x,t)At - k,P(x,t)At 

The equation (A17) can be easily put on a grid of interval Ax. 
We found that eq A17 leads to a stable solution and agrees with 
the analytical solution for the pinhole sink. The advantage of this 
method is that for small ko, one can use quite a large time step. 
For large k,, the time step should scale with ko-’. 

(‘417) 


